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Abstract—A downhole-to-surface communication channel
consisting of a long vertical cylinder (the stem) and an isolated
downhole in-line cylinder (the electrode) embedded in a homo-
geneous earth is considered in this work. A signal voltage is
applied between the electrode and stem, and the received voltage
is picked up at the surface between the stem and a ground point or
between two ground points. The analysis includes consideration
of conductor longitudinal and surface impedance, joint resistance,
voltage source resistance, and earth propagation effects to provide
a realistic model for assessing the performance of the communi-
cation channel for measurement-while-drilling, drill stem testing,
and production testing in oil and gas industry applications.
Simulation results indicate that consideration of all of these effects
is imperative for satisfactory modeling.

Index Terms—Down-hole-to-surface communication, drill stem
testing, measurement-while-drilling, production testing.

I. INTRODUCTION

W IRELESS downhole-to-surface communication pro-
vides substantial benefits to the oil and gas industry in

measurement-while-drilling, drill stem testing, and production
testing situations. In this work, a method of dealing with the
behavior of a contained vertical cylindrical conductor (a well
casing or drill stem) in a homogeneous earth [1]–[4] is used
to analyze a communication channel that consists of a voltage
source applied between a short section of the lower end of a
conducting cylinder (an electrode) and a relatively long upper
end (a stem) extending to the surface of the Earth as shown in Fig.
1. The surface receiver senses the potential between the cylinder
and a ground point or between two ground points. The voltage
source can be coupled into the cylinder directly by providing an
insulating break between the stem and electrode or inductively
by using the cylinder-earth system as a single turn secondary
of a transformer as shown in Fig. 2 [5]. The method described
here is very general in that the effects of cylinder longitudinal
impedance, cylinder surface impedance, joint resistance, source
resistance, and earth propagation effects are included. Results
of channel attenuation and driving point impedance calculations
for a typical oilfield situation are presented.

II. PROBLEM DEFINITION

The objective of the analysis is to determine the voltage at
an arbitrary location on the surface of a homogeneous earth in
the presence of an embedded cylindrical vertical conductor with
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Fig. 1. Embedded vertical conductor with an in-line voltage source.

Fig. 2. Inductively generated source voltage.

an in-line voltage source as shown in Fig. 1. The stem is taken
to have an outer radius “” and an overall length . The elec-
trode has a length and the same radius as the stem. In car-
rying out a dc analysis, it is first assumed that the conductor
(stem and electrode) have no longitudinal, joint or surface resis-
tance and that the voltage source has no internal resistance. In
the next step, longitudinal, surface, joint, and voltage source in-
ternal resistance effects are included. Finally, frequency effects
are considered by using longitudinal and surface impedance and
including earth propagation effects to complete an analysis valid
for practical operating conditions.

The half-space problem can be simplified by using the
method of images in which a vertical conductor of twice the
original length is embedded in a conductive full space and
two in-line voltage sources are installed as shown in Fig. 3.
The double-length stem is divided into sections ( odd)
of length each, and each electrode is divided into

0196–2892/00$10.00 © 2000 IEEE
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Fig. 3. Division of the stem and electrode into nine elements.

sections. The center point of the outer surface of theth
section will reach a potential where ranges from 0 to

. These potentials will have values such
that the net current flowing into the physical (half-space) stem
and electrode will be zero. The current flow into or out of each
section will be a function of the depth of the section, but will,
because of symmetry, be uniformly distributed radially. In a
manner analogous to substitution theory in electrical circuit
analysis, the conductors may be removed and replaced by line
current sources. The magnitudes of the line current sources are
adjusted so that the potential at the surface of the midpoint of
the th section is .

Once the values of the line current sources are determined,
the voltage that appears between the top of the conductor and
an arbitrary point on the surface of the homogeneous earth can
be determined using the appropriate transfer resistances. Fur-
thermore, the relationship between the voltage sourceand
the current flowing into the electrode can also be established.
This information is sufficient to fully characterize the commu-
nication channel consisting of the conductor-earth system, the
subsurface voltage source, and the surface antenna. Since the
analysis that is used relies heavily on line current source mod-
eling, a line current source embedded in a homogeneous earth
is now examined.

Fig. 4. Uniform line current source of total strengthI in an infinite
earth generating a field point potential. The ellipse represents the source’s
equipotential surface.

III. L INE CURRENT SOURCEMODELING

Consider the situation shown in Fig. 4 where a line current
source of total strength is located in an infinite homogeneous
earth of resistivity . The potential at a field point ( )
with respect to infinity can be calculated by noting that [6]

(1)

(2)

where . In the plane 0

(3)

If the line source is symmetrically disposed about the plane
0, (3) becomes

(4)

The quantity is the transfer resistance between a line
current source and a field point. The equipotentials are prolate
ellipsoids of revolution that can be used to model elemental sec-
tions of the stem and electrode, provided the length of the sec-
tion is large compared to the radius of the cylinder so that the
overlaps at the ends of the sections are negligible [6].

IV. A NALYSIS METHOD

Suppose the cylinder is replaced by nine (chosen for illus-
trative purposes) line current sources with voltage sources
between the double-space stem and each electrode, as shown in
Fig. 3. The potential at the surface of the prolate ellipsoid of rev-
olution that models the elemental cylinder will be given by the
summation of the contributions to the potential from all of the
elemental line current sources. An initial matrix formulation for
a perfectly conducting stem and electrode with no metal-earth
interface resistance can be written using only the expressions
for the self-transfer resistance of elements and the transfer re-
sistances between them. Using (4), the resistance between the
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surface of the elemental cylinder and the point at infinity can be
written as

(5)

where and in (4) have been replaced by , one half of the
elemental section length, and, the radius of the cylinder. Using
(2), the transfer resistance between different stem sections can
be written as

(6)

where to . For the self-transfer resistance of an
electrode element, , or the transfer resistance between
two electrode elements which are on the same side of the sur-
face and are indices apart, is replaced by and by
in equations (5) and (6). For the transfer be-
tween a line source and a line source center pointwhere
one is an electrode element and the other is a stem element, or
between two electrode elements on opposite sides of the sur-
face of the earth, no simple indexed equation is possible and
(2) must be used directly. For a nonzero, the result is shown
at the bottom of the page in (7). Since the stem and electrode
are taken to be perfectly conducting in this initial formulation,
the entire stem settles at a voltage, and the electrode settles at

– . The above transfer matrix has been compacted using the
fact that and , making the th row of the
uncompacted matrix a copy of the 10th row. Compacting is
simplified because . Furthermore, it is useful
to retain rather than as a variable.

Non-zero source, surface, longitudinal, and joint resistance
can now be introduced. A surface resistance , expressed
in m , can be taken into account by an addition to the self-
transfer resistances for the elemental line sources as follows [7]:

(8)

where and are the modified self-transfer resistances.
The longitudinal and joint resistances of the cylinder and the

internal resistance of the voltage sourcecan be taken into ac-
count as shown in Fig. 5. Referring to Fig. 5, it is easy to see that

Fig. 5. Sectioned stem and electrode showing current flow into the earth and
longitudinal current flow.

the longitudinal currents between sections are simply related to
the individual line current sources. Each longitudinal current
labeled in Fig. 5 is the average current flowing between the cen-
ters of adjacent elements assuming a linearly decreasing flow in
each element. The potential of the midpoint of the section strad-
dling the surface of the earth is taken to beand hence

(9)

The resistances and are the longitudinal resistances of
a stem section and electrode section, respectively, and are given
by

(10)

(7)
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where

resistivity of the tubular stock

outer radius of the tubular stock

inner radius of the tubular stock

The resistance is the combined resistance of the voltage
source internal resistance and the gap resistance, given by

(11)

The resistance is the joint resistance per joint, and the length
is the distance between joints. The joint resistance is treated

as if it were uniformly distributed over the stem and electrode
lengths. Substitution for , into (7) yields

(12)

with [ ], as shown at the bottom of the page in (13), where

and is the element in theth row and th column in matrix
(7). Equation (13) can be inverted to yield

(14)

The restriction that the currents , must sum
to zero allows a determination of using

(15)

where is the element in the th row and th column of
the inverted resistance matrix havingrows and columns.
The potential on the surface of the Earth at a distancefrom
the top of the stem can now be calculated using (3) to give

(16)

This can be used to yield the to ratio, which is a
measure of the channel attenuation. The driving point resistance
is given by the ratio of to the sum of the electrode section
currents.

V. AC EFFECTS

The frequency dependence of the internal and external
impedance of tubular stock, the impedance of the stock-earth

(13)
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interface, and the propagation of electric fields through the
Earth are now considered.

A. Internal Impedance

The internal impedance of tubular stock can be calcu-
lated as outlined below

(17)

where

(18)

(19)

outer radius of the tubular stock;

inner radius of the tubular stock;

length of the stock;

where is the relative permeability and

is the free space permeability.

of the stock material and is the

for (20)

for (21)

and is the resistivity of the stock material [8]. In these empir-
ically determined equations, and should
be set to 1.0 if (20) and (21) yield a result less than unity.

To account for the high frequency internal impedance of the
tubular members, in (13) should be replaced by , and

in (13) should be replaced by calculated with in (18)
and (19) replaced by .

B. External Inductance

The external inductance of an isolated cylinder of lengthand
outer radius is given by [9]

(22)

This term is multiplied by and added to and in (10),
with the cylinder length equal to and , respec-
tively. However, the external inductance of a stem of length
is not equal to the sum of the inductances ofsections each
of length and it is therefore necessary to include mutual
inductances between sections as outlined in reference [10].

The transfer impedance (i.e., times the mutual inductance
but with earth propagation effects not considered) between a sec-
tion of length and a section of length with the centers of the
sections distancesand below ground, respectively, is given by

(see Appendix) with given by

(23)

where . The voltages of Fig. 5 become

(24)

where the are the of (9). The longitudinal currents used
to calculate the inductive interactions are the average values of
the currents between the ends of the sections.

The voltage induced in a below-ground element by an above-
ground current is opposite in sign to the voltage induced in that
element by a below-ground current (see Appendix). Thus, each
mutual coupling term in (24) has a positive and a negative com-
ponent

(25)

where is calculated directly from (23).
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Fig. 6. Equivalent circuit model for the interface impedance between the well
casing and the earth.

C. Interface Impedance

An interface impedance is used to model the current transfer
mechanism between the metal casing and the adjacent earth. The
equivalent circuit model for this impedance used by
Wait and Williams [11], is shown in Fig. 6. Typical values for
steel with a zinc phosphate coating given by Wait and Williams
are

and

The Warburg impedance is given by

(26)

where a typical value of is

replaces in (8) and has a low frequency limit equal
to .

D. Propagation Effects

The method used to incorporate propagation effects in the
earth is based on a modification of an analysis of a vertical
subsurface line current source and a potential pick up array lo-
cated on the surface of the earth first used in [10] and described
more fully in the Appendix. In this procedure, each transfer re-
sistance in (13), except for the self-transfer resistances, and
each transfer impedance in (24) should be replaced by

or (27)

where is the distance between the center of the line source
in question and the center of the stem or electrode outer surface
of the affected element, and (see Appendix). Be-
tween stem (not electrode) elements, for instance

to

Similarly

must multiply each term of (16), where is the distance to the
pickup point on the surface of the earth from the center of the
line source in question. For stem elements,is given by

to

Fig. 7. Comparison of received voltage versus frequency using the methods of
this paper (lines) against Xia’s and Chen’s results (points) for an earth resistivity
of 20
m and a source providing a constant power of 10 W.

Fig. 8. Comparison of received voltage versus frequency using the methods of
this paper (lines) against Xia’s and Chen’s results (points) for an earth resistivity
of 2.5
m and a source providing a constant power of 10 W.

with being the horizontal distance from the pickup point to
the top of the stem.

VI. M ODELING RESULTS

A fast personal computer program with a convenient input
screen has been developed to carry out simulation calculations.
As a first check, the examples given by Xia and Chen [12] for a
perfectly conducting stem and electrode were simulated. The re-
sults of these simulations are compared to Xia and Chen’s work
in Figs. 7 and 8. Xia and Chen used the following parameters in
their examples:

m

m

m

and

The receiving antenna had one end connected to the stem and the
other end connected to the earth 50 m away from the stem. The
amplitude of the voltage source was chosen to deliver 10 W of
power to the stem-electrode system at all frequencies. Although
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Fig. 9. Normalized longitudinal current as a function of distance above
the bottom of the stem. The points were measured experimentally, the lines
calculated. The experimental situation was a 40 m, 2.54 cm diameter steel
pipe with a wall thickness of 2.2 mm, a relative magnetic permeability of
27, and a longitudinal resistivity of 2.38� 10 
m, a 1 m electrode and
an unspecified gap length, submerged into the Mediterranean, which had a
measured resistivity of between 4 and 5 Siemens per meter. The situation was
modeled with the same parameters, taking the sea resistivity to be 0.2
m, the
gap length to be 2 m, and no surface impedance.

Fig. 10. The situation of Fig. 9 with surface impedance (both stem and
electrode) parameters ofR = 0.04
m , R = 0.001
m , � = 0.085

m s ,C = 7.5� 10 Fm . All other surface impedance parameters
were taken to be zero.

the assumption of zero stem and electrode resistivity is not real-
istic, the good agreement between the two sets of results provides
an important confirmation of the technique used in this work.

DeGauque and Grudzinski [13] have taken normalized mea-
surements of longitudinal current along an uncoated steel stem
immersed in sea water. When the resistivity of the material in
which the stem is embedded is as low as that of sea water, lon-
gitudinal stem impedance and stem surface impedances are im-
portant. Results using the model presented here with zero sur-
face impedance are compared with DeGauque and Grudzinski’s
experimental results in Fig. 9. A small surface impedance was
added to fine tune a fit to the experimental results as shown in
Fig. 10. The excellent agreement between measurements and
simulation results in Figs. 9 and 10 provides a further confirma-
tion of the techniques used here, and particularly, the manner in
which longitudinal and surface impedance are handled.

The importance of metal resistivity is highlighted in Figs. 11
and 12, in which Xia and Chen’s situations of Figs. 7 and 8 have
been modified by taking the metal resistivity to be 210

Fig. 11. Results for Xia and Chen’s example with a metal resistivity of 2�

10 
m, a relative metal permeability of 100, and a wall thickness of 1 cm,
and joint resistance varying from zero (solid lines) to 0.25 m
 (dashed lines)
per 10 m of conductor length. The earth resistivity is 20
m.

Fig. 12. Results for Xia and Chen’s example with a metal resistivity of 2�

10 
m, a relative metal permeability of 100, and a wall thickness of 1 cm
and joint resistance varying from zero (solid lines) to 0.25 m
 (dashed lines)
per 10 m of conductor length. The earth resistivity is 2.5
m.

m [14] and by adding a small joint resistance. These figures
show that metal resistivity and conductor joint resistance must
be considered for accurate modeling.

A plot of received voltage as a function of stem length, earth
resistivity and joint resistance is given in Fig. 13 and a plot of
driving point impedance magnitude and phase as a function of
electrode length and earth resistivity for two stem lengths is
given in Fig. 14. From Fig. 14, it can be seen that the driving
point impedance is essentially resistive and practically indepen-
dent of stem length for this range of stem and electrode lengths.
The driving point resistances can consequently be calculated to
within 10% in the parameter range above the 10% line indicated
in Fig. 14 using

(28)

with , the voltage source resistance, set to zero. The impli-
cation is that the received voltage magnitude depends directly
on the magnitude of the electrode current, which is determined
almost entirely by and . Equation (28) can therefore be
used to scale the results given in Fig. 13 appropriate for
1 V, 10 m, 0 and joint resistance equal to zero to
obtain the received voltage magnitude for other values of,
and . For example, if 5 V, 20 m, 1 , and
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Fig. 13. Received voltage magnitude results for Xia and Chen’s example as
a function of stem length and earth resistivity, with a metal resistivity of 2�

10 
m, a relative metal permeability of 100, a wall thickness of 1 cm, a 1
volt source with no source resistanceR , no surface impedance, a frequency of
10 Hz, and a joint resistance varying from zero (solid lines) to 0.25 m
 (dashed
lines) per 10 m of conductor length.

Fig. 14. Driving point impedance results for Xia and Chen’s example as a
function of earth resistivity and electrode length, with a metal resistivity of 2�

10 
m, a relative metal permeability of 100, a wall thickness of 1 cm, zero
joint resistance, a frequency of 10 Hz, a 1 V source with no source resistance,
zero surface impedance, and stem length varying from 1000 m (solid lines) to
5000 m (dashed lines). The phase decreases with earth resistivity. All magnitude
values above the dashed 10% line can be calculated to within 10% by (28) for
R = 0.

20 m, then 1.9 . Since is 1.5 for
10 m, 20 m and 0 , the received voltage of 1.1

10 V for 20 m, m, joint resistance equal
to zero with 1 V given in Fig. 13 would be multiplied by
(5/1)(1.5/1.9) to give a received voltage of 4.510 , in good
agreement with a value of 4.710 V obtained using the sim-
ulation program.

VII. CONCLUSIONS

A line current technique for modeling a downhole to surface
communication channel consisting of a long vertical cylinder
(the stem) and an isolated downhole in line cylinder (the elec-
trode) embedded in a homogeneous earth has been developed.
Simulation results are in good agreement with Xia and Chen’s
work [12] dealing with the zero metal resistivity case and with
DeGauque and Grudzinski’s experimental work [13] dealing
with an uncoated steel pipe submerged in sea water. The model

Fig. 15. Coordinate system for evaluating the effects of a current dipoleIdh

at a subsurface pointz = �h.

described in this work takes into account cylinder longitudinal
and surface impedance, cylinder joint resistance, voltage source
resistance and earth propagation effects. Extensive modeling
work can now be carried out in tens of seconds to ascertain
whether or not data transmission is possible in a particular field
situation or to assist in the design of downhole to surface com-
munication systems.

APPENDIX

The quasistatic magnetic vector potentialfor 0 for a
dipole at , as shown in Fig. 15 can be written as
[15] where

(A1)

and hence, the electric field can be expressed as

(A2)

where the scalar potential is given by . It is
then easy to show that due to a current flowing from
and out at is given by

(A3)

where and can be interpreted as the direct and reflected
distances as shown in Fig. 15. This expression justifies the use
of the exponential factor in the transfer resistances as outlined
in Section V.D of this paper since each of the currentscan
be considered to originate at . The currents sum to
zero and consequently cancel completely below the bottom end
of the electrode [7], [11].

The nonconservative portion of the field reduces
to and can be taken into account by an external
self-inductance of each section of the stem, gap and electrode
and by attenuated mutual inductances between these sections.
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Fig. 16. Length of pipe whose bottom is at depthf carries currentI and
induces a voltage in a length of pipe whose bottom is at depthe.

The potential of the bottom with respect to the top of a section
of cylinder due to a subsurface dipole is given by

(A4)

The cylinder has a length, and its bottom is at a depth. The
dipole is at a depth. The situation is shown in Fig. 16. The ex-
pression for is the first term of (A1) multiplied by with
the exponential factor taken to be unity, i.e., earth propagation
effects are ignored at this stage. Integration yields

(A5)

A second integration in from to where is the length
of the current-carrying section andis the depth of the bottom
of that section yields the following expression for the voltage of
the bottom with respect to the top of the section of length:

(A6)

where

(A7)

and . Note that and refer to the depths of the bot-
toms of the current-carrying and affected lengths respectively.
These points are at the centers of the sections as defined in this
paper since the length of pipe that carries a constant longitudinal
current is that between section centers.

The impedance due to the external self-inductance of the sec-
tion is obtained by setting and provided the
radius is small compared to the section length and so

that the exponential factor can be taken to be unity. This pro-
duces (23).

When (A7) is applied between two sections of lengthand
such that , , the exponential factor can now

be introduced by multiplying (A7) by where is the
distance between the centers ofand .

The second term of , , deals with imaged cur-
rent-carrying elements and leads to an equation identical to (A7)
with the appropriate adjustments of distances and sign and is in-
cluded in the transfer matrix through the second term of (25).
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