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Abstract

In this paper, a new design technique for column-compression (CC) multipliers is presented.
Constraints for column compression with full and half adders are analyzed and, under these
constraints, considerable flexibility for implementation of the CC multiplier, including the
alocation of adders, and choosing the length of the final fast adder, is exploited. Using the
example of an 8x 8 bit CC multiplier, we show that architectures obtained from this new
design technique are more area efficient, and have shorter interconnections than the classical
Dadda CC multiplier. We finally show that our new technique is also suitable for the design of

two's complement multipliers.
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1. Introduction

The speed of acomputer or signal processor ALU depends to alarge extent on the speed of the
multiplier, and, over the last few decades, many high performance multiplier algorithms and
architectures have been proposed [1-10]. Multiplier architectures can be classified into two
categories. (1) linear parallel (LP) multipliers [1-6]; and (2) column-compression (CC)
multipliers [7-13]. The carry-save adder (CSA) multiplier [1] is atypical LP multiplier. Its
simple and regular structureis easily implemented in VLS| technology and it has become the
most popular high performance multiplier architecture. The time delay of the LP multiplier isa
linear function of n, the size of the multiplier and, for large n, the speed of the multiplier is
thought to be too slow for advanced signal processors. Recently, several new architectures
have been proposed for the LP multiplier [3-6] which can almost double the speed and

maintain, to a certain extent, the ssimple structure.

The principles for the CC multiplier were established by the early work of Ofman [7], Wallace
[8], and Dadda [9]. It has been shown that the delay of the CC multiplier is proportional to
log; 5 n [10], and the CC architecture is widely accepted as time optimal. The irregularity and
complicated interconnections of the CC multiplier do not, however, readily allow efficient
VLSl implementations, particularly for large n. A CMOS implementation of an 8 x 8 Dadda
multiplier was reported in 1988 [11], and multipliers using 4-2 compressors [12,13] and (7,3)

counters [14], to improve the speed and/or regularity, were recently reported.

In the original work of Dadda[9], many different size counters were proposed to compress the
columns; however, the concentration was on column compression by (3,2) counters (full
adders) and (2,2) counters (half adders). Dadda showed that different schemes, including the
scheme proposed by Wallace [8], require different numbers of cells (counters); the optimal
scheme, which requires the least number of cells, isto compress the column size so that the
height of each column follows the recursion of egn. (1):
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o(0)=2
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where Ulrepresents the floor function. The series so generated is shown in (2)
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A multiplier using such a compression scheme is normally referred to as a Dadda multiplier

[10,11].

Large VLSI implementations of the Dadda multiplier have several disadvantages. The first
disadvantage is the irregular structure and the associated complicated and long wiring
interconnections. As an example, an 8x 8 bit Dadda multiplier [11] requires 5 cross-stage
interconnections (an interconnection between non-adjacent stages), with a maximum
interconnection width (measured along a single stage) of five cell widths. Most of the
interconnections are not to the nearest neighbor. Thisirregular structure makesthe VLS layout
of the Dadda multiplier difficult, and the long wiring interconnections have the potential to

markedly reduce the performance.

In the compression part of the CC multiplier, adders are partitioned into stages. Except for
cross-stage interconnections, the outputs of adders in one stage feed directly to the next lower
stage. A natural VLSI layout of such an architecture is to arrange the cells in a pattern that
renders the length of the interconnections as short as possible. For example, an 8 x 8 bit Dadda
multiplier requires four stages of adders for its CC part [11]. The distribution of adders is,
starting from the bottom, {12,10,14,6}. If we move some adders from stage 3 to stage 4, to
make the distribution of adders more even, the interconnections of those adders to stage 2, and
the number of cross stage interconnections, have to be increased. This paper discusses

techniques for redistributing adder cells so that local connectivity is not sacrificed.
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In order to provide a figure of merit for our designs, we introduce a metric that provides an
indication of the efficiency of the silicon areafor CC multiplier architecture designs. Let us treat
the silicon area of an adder as a unit. Since the width of the silicon area depends on the stage
which contains the largest number of adders, we define the area efficiency of the CC part of

the multiplier as:

N
K x max(N(k))

x 100% A3)

where N isthetotal number of the (full and half) adders for the CC part of the multiplier; K is
the required number of stages, and N(k) is the number of adders in stage k. With the
definition given by (3), the area efficiency for an 8 x 8 bit Dadda multiplier is 42/56=75%, and
for a 12 x 12 bit Dadda multiplier is 73.3%.

The CC multiplier, using the 4-2 compressor or (7,3) counter as a building cell, may improve
the speed and/or structural regularity [9,12-14]; however, problems associated with long
wiring and area efficiency are exacerbated, as can be seen in Fig. 1. Fig 1(a) shows part of a
9x9 bit Dadda multiplier using adders, Fig. 1(b) part of a 16 x16 bit 4-2 compressor
multiplier, and Fig. 1(c) part of a 32 x 32 bit multiplier using (7,3) counters. The number
marked on each cell in Fig.1 indicates the binary weight of that cell. The area efficiencies of the
adder, 4-2 compressor and (7,3) counter multipliers are 58%, 58% and 53%, respectively.
Both the Dadda and (7,3) counter multipliers have cross-stage interconnections, but they do not
have interconnections within one stage; on the other hand, the 4-2 compressor CC multiplier
avoids cross-stage interconnections, but at the expense of long-wiring interconnections within
each stage. The longest interconnection for the three cases are 2, 4, and 7 cell widths,
respectively. Since a cell of either 4-2 compressor or (7,3) counter iswider than the adder cell,
the actual maximum length of wiring for these two multiplier typesis longer than the width
ratios suggest. From Fig. 1 we may conclude that if the length of wiring and area efficiency are

prominent cost function elements, then the Dadda multiplier isthe most efficient of the three.
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(a) Dadda multiplier; (b) 4-2 compressor multiplier; and (c) (7,3) counter multiplier
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In this paper we will show that a CC multiplier, with equal size multiplicand and multiplier and
built only with adder cells, requires a minimum number of cells, and that there is considerable
flexibility in alocating this number of cellsto different stages. Our strategy isto maximize the
area efficiency by allocating adders to each stage as evenly as possible, to eliminate as many
cross-stage interconnections as possible, and to reduce the maximum length of in-stage

interconnections. Our approach builds upon the pioneering work of Wallace [8] and Dadda[9].

The paper is organized as follows. we first determine the lower bounds on the number of
adders required by a CC multiplier. Then we discuss the constraints governing the distribution
of addersto the different stages. We then propose a procedure that attempts to maximize area
efficiency while reducing the number of cross-stage interconnections. For short length CC
multipliers we show that it is advantageous to shorten the length of the final adder, and we
provide examples of this procedure. Finally, we consider the implementation of twao's

complement multipliers using our new technique.

2. A Lower Bound on the Total Number of Adders

Dadda showed that different schemes for column compression require different numbers

of adders[9]. This section determines the lowest bound of that number.

For an nxn bit multiplier, the partial product of two n bit numbers, &b

Oi, ) 3{0,1,...,n—1, forms a matrix of n rows (an example for n=8 is shown in Fig. 2a).
Each row contains n elements with a shift of one element to the left from the preceding row.
Thus the matrix contains n rows and 2n -1 columns and can be alternatively represented by
Fig. 2b. We assign an ascending integral index, starting from 0, to columns from the right to
the left. Thusthe jth column indicates that the elements in that column possess aweight of 2'.
All existing multipliers deal with methods to sum up the partial product matrix to obtain the
final result; that is, a matrix with just one row of 2n elements. Let p(j) be the number of
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partial productsinthe jth column. From Fig. 2 it is easy to determine that:

p(j)=p(2n-2-j)=j+L 0<j<n-1 @
15 10 5|> 0 15 10 5I 0
| | | | | |
00000000 000000000000000
00000000 0000000000000
(a) 00000000 (b) 00000000000
00000000 000000000
00000000 0000000
00000000 00000
00000000 eoo®
00000000 o
0000000000000000 0000000000000000
Fig. 2 (a) Partial product matrix of an 8x8 multiplier, (b) An aternative representation.

Our purpose is to reduce the size of each column to one by using full or half adders. A full
adder in column j can absorb three bitsin that column and a half adder absorbs two. For both
adders a sum bit goesto column j and a carry bit to column j +1. A full adder in column |
will reduce the column size by two and a half adder by one, and both adders increase the size
of column j+1 by one. Clearly, full adders have priority over half adders in column

reduction.

Let e(j) bethe expanded size (number of entries) of column j, which includes partia products

in column j and the carries from column (j —1). Let gg(j) be the number of the necessary
adders to reduce the expanded size, &(j), to one. [e(j) —1]/2 full adders are needed to reduce
columnsize g(]) tooneif e(j) isodd; e(j)/2 -1 full adders and one half adder are needed if
e(j) iseven. The carriesin column | are produced by adders in column j -1, and their
numbers are exactly the same. Thus, we can write the following recursive equation

(i) = p(i) + ao(i - ) (5)

where
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i :{)in
=g 6
%() = g5 q (6)
Column O contains one partia product, aghy, and therefore no adders are required for that

column. Thus, gy(0) = 0. With thisinitial condition, it is easy to obtain:
Oo(j)=0(2n-1-j)=j; 1sjsn-1 ()

Thetotal (necessary and sufficient) number of full and half adders to reduce the partial product
matrix to amatrix with just one row is given by
2n-2

Oo(j) =21+ 2+...4(n-1)] =n(n-1) (8
=

Among these n(n—1) adders, n of them are half adders because there are n columns with an

even number of entries.

Fig. 3 shows the expansion of column size by carries and the distribution of addersin different
columns for the example of an 8 x 8 bit multiplier. It isinteresting to note that the number of
full and half adders required by a CSA multiplier [1,2] is exactly given by egn. (8). The CC
multiplier uses afast adder (for example, a carry-propagate adder) for the last step in order to
change a two row matrix to asingle row. The final fast adder is of length 2n—2, with cells
ranging from column 1 to 2n-1. The cell at column 1 is a half adder, the other cells are full
adders. The number of adders required by the CC part of an nx n bit CC multiplier is thus
given by:

N=n(nh-1)-(2n-2)=(n-1)(n-2) 9

Among them, n—1 are half adders, distributed from column 2 to n. For example, for a

12 x 12 bit CC multiplier, the required number of addersis N =11x10=110. 11 of them are
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half adders!. Representing the required number of addersin column j for the CC part by
q(j), clearly we have q(j) =qg(j) —1. Thus:

a()=9(@n-1-j)=j-L 2<jsn-1 (10)
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Fig. 3 Expansion of column size by carries and
distribution of full and half adders

3. Constraints For Adder Allocation

Aswill be shown later, the restriction on column size in each stage [9] (according to the series
in egn. (2)) may be violated when we allocate adders to different stages. However, egn. (2) is
valid in determining the number of the required stages for the unsigned CC multiplier

implemented by full and half adders. If the size of the multiplier, n, satisfies:

o(K-1) <n< g(K) (11)

1 We note that there is an error in counting the number of half addersin [9]. The number of half adders for the
scheme shown by Fig. 8 of [9] should be 10, instead of 14.
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then the CC part of the CC multiplier requires K stages.

After N and K are determined, there are many ways to allocate N addersto K stages. The
distribution of N adders to the K stages will strongly influence the area-efficiency and the
maximum length of interconnect. Since there are many distributions which yield the same result
for the same number of cells, to find a distribution which provides the highest area-efficiency

and yet minimizes the length of in-stage inter-connects and number of cross-stage interconnects

is of great interest. Suppose N(k) adders are assigned to the kth stage, with g, (j) adders
being assigned to column j. Obvioudly:

2n-2
> a(i)=N(k); k=12..,K (12)
i=1

In each column, we assign exactly the number required by that column. Thus

K
> ai)=a(i); i=23..2n-2 (13)
k=1

Each adder at column j and j —1in stage k produces an output in column j. The number of

the outputs at column j produced by addersin stage k, given by qx(j) +qx(j —1), should not
exceed the number of dots (bit positions which can accept inputs) at column j provided by the
lower stages, which is given by:
. K1 . k1 . .
sd(i)= 2+3;qi (- ;[qi (N +a (-1

- (14)
=2+ Z[Zq (1)—q(j-D]

The first term on the right hand side is provided by the fast adder, the second term is produced

by al addersin the lower stages of column j; the last term is the number of slots which have
been occupied by the adders already alocated at column j, and the carries produced by adders

a column j —1, in the lower stages. Thus, we arrive at the constraint:

10
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k-1
(D +a(-D<2+ > [2 ()~ g (-] (15)

=1

The purpose of allocating adders in each stage is to provide slots to accept inputs; thisis
providing that the total number of adders required by that column have not been used up by the
lower stages. Therefore, except for those columns where no more adders are needed, the
number of slots provided by stage k in column j should not be less than the number of slots
provided by stage k —1in the same column; or s._,(j) < s.(j). Using eqn. (14) we find:

M) =2g¢(j+D)  j<J

1
0" a()=0 =g 41 (16)

If qk(j) =1, from constraint (16) we know that we have to allocate at least one adder to each

column up to column J,, the highest index the adders to be allocated possess.

Under the constraints (12) (13), (15) and (16), together with condition (10), there are many
schemes available to allocate adders to different stages using the minimum number of adders;
Dadda's architecture is one such scheme. In considering the area efficiency, the best choiceis
to alocate adders to each stage as evenly as possible to maximize the area efficiency. Thereis,
however, an upper bound for the number of adders in each stage, and thisis derived in the

following section.

4. An Upper Bound on Adders in Each Stage

The number of adders in a specific stage reaches its maximum if no remaining adders can be

put in any column. The maximum number of addersin stage k, N (k), can be derived from

the constraintsin section 3. We start from stage 1.

The final fast adder provides two slots to each column ranging from 2 to 2n-2, and three

dots, including the carry-in, for column 1. We have already shown that the adders for the CC

11
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part start from column 2. Constraint (15) tells us that if we allocate an adder to column 2, we
have to allocate adders to every other column. The only choice, then, isto allocate one adder to

each column. In this case, the dots on columns 3 to 2n — 3 of the final fast adder will be fully

occupied, and thus the number of addersin stage 1 reaches the maximum, N, (1) = 2n-4.

The addersin stage 1 provide three dots for columns ranging from 2 to 2n-2; therefore, we
can allocate three adders to each pair of two adjacent columns. However, there is only one
adder remaining not allocated on column 3 and 2n -3, and zero adders remain in columns 2
and 2n-2. Therefore, we can only allocate two adders to every other column ranging from

column 4 to 2n— 4. For the other columns we can allocate one adder to each column only. In

thisway the number of adders at stage 2 reaches the maximum, N__ (2) =3n-10.

The number of adders that we can alocate to stage 3 relates to the number of adders we have
allocated to stage 2. If we have allocated N, (2) adders to stage 2, the number of slots
provided by the adders on columns of stage 2, starting from column 5 to 2n-5, will
aternatively be 3 and 6. This means that we can allocate no more than three adders to every
two adjacent columns. Every other column will contain three more slots which can not be
occupied by any adders. Therefore, if the number of adders in the second stage reaches
N, (2), the number of adders on the third stage can not reach N, (3). However, if we
allocate only one adder to each column on stage two, starting from column 3 to 2n -3, then
each column in that range will provide 4 slots to stage 3. Three of them are provided by the
adder on stage 2. The last one is provided by the adder on stage 1. In this way we can allocate
two adders to each column starting from column 5 to 2n-5. There are no empty slots

provided by the previous stages in that column range. Thus, the number of adders on the third

stage reachesits maximum N (3) = 4n—18, while the number of adders on the second stage

3
reduces to 2n-6. It is interesting to note that maxgz N(j)gz 6n—-24 adders can be
=2

arbitrarily distributed to these two stages, with the constraint that the number of adders on each
12
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stage can not exceed N, (k). This provides us with the flexibility to adjust the multiplier

footprint for maximum area efficiency.

In the same manner, we can determine N, (K) for the other stages. Table 1 shows the results.

For comparison, Table 1 aso shows the number of adders for each stage of Dadda s scheme.

A k
The fourth column, N(k) = Z N(i), isthe number of adders contained in the first k stages that
1=1

allows N, (k+1) adders to be allocated to stage k +1. In the fifth column of Table 1, we

max (

show the condition for calculating numbers of addersin columns 2 and 3 of the table.

Dadda's
Stage N, ..(K) Scheme N(k)
1 2(n-2) 2(n-2) 2n-4 n>4
2 3n-10 2(n-3) 5n-14 n>6
3 2(2n-9) 2(2n-9) 8n-28 n>9
4 6(n-7) 6(n-7) 14n-70 n>13
5 9n-93 4(2n-21) 23n-163 n>19
6 13n-205 12(n-16) 35n-357 n>28
7 19n-433 18(n-23) 53n-779 n>42

Tablel TheMaximum Number of Addersfor Each Stage

5. Approach I: A Procedure for Allocating Adders

In order to obtain high area efficiency, wetry to allocate approximately the same number of
adders to each stage, subject to the constraints and bounds derived in the previous two

sections. We introduce the following algorithm.

1  Calculate the average number of adders for each stage, Ng = EN?%

2  If every stage can accommodate N, adders, then we alocate at most N, adders

to each stage, with all constraints being satisfied, and with all N adders allocated

13
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tothe K stages. The algorithm terminates at this point.

3 If 2 does not apply and, say, k lower stages can not contain N adders, we fill
those stages with as many adders as they can contain, and calculate the average
_IN-N(k)O

number of adders for the remaining K —k stages, Nk = Kk H where

N(K) is given by the fourth column of Table 1; we assume N(0) = 0.

4  Check if each of the remaining K —k stages can accommodate the number of
adders determined from step 3. If true, we allocate at most N« adders to each of
the K —k stages, under the condition that all constraints are satisfied and that all

N addershaveto be alocated to K stages.

5 If at least one stage of the remaining K —k stages cannot accommodate N

adders, we go to step 3 and repeat steps 3-5, until an appropriate N« is obtained.

Since we allocate to each stage either the maximum number of adders it can contain, or a
number of adders which do not exceed the appropriate average number, the above agorithmis

guaranteed to maximize the area efficiency.

5.1 An 8x8 Multiplier Example

Let ususean 8% 8 multiplier as an example. From the series (2) and equation (9), K =4 and

N =42, and the average number of adders for each stage: N, = EN?E: 11. Since
Nmax (D) =12 > Ny, we thus allocate at most 11 adders to each stage.

Next, we distribute adders of the CC part to different stages; thisis a heuristic procedure. For
our case, let the distribution be {11,11,11,9} for stages 1 through 4. Although this is a

somewhat arbitrary distribution, we find that there are not many other choices. For example, it

14
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is extremely difficult to allocate less than 11 adders to each of the first two stages. As soon as
we assign 22 adders to the first two stages, there are only three possibilities to assign the
remaining 20 adders to the last two stages while limiting the maximum number of addersin
each stage to 11. The three possible distributions for the last two stages are: {11, 9, {10,10},
and {9,11}. The allocation of adders to different stages and columns is facilitated by
constructing a table such as shown in Table 2. At the bottom of Table 2 is the weight of each
column, starting at 1 from the right hand side, and ending at 2n -2 on the left hand side. The
stage numbers, k, are given in the leftmost column. The lowest stage (stage 0), highlighted by
aborder, contains the adder cells required by the final fast adder; the CC stages start from stage
1. In order to make the number of inputs to each column an ascending sequence, we need to
allocate at least one adder to each column within constraint (15). The allocation of addersto the
first two stages, shown in Table 2, is the only possible choice, based on non-violation of this

constraint.

Kk N(Kk)

4 9 112 2 21

3 11 1122 2111

2 11 11111111111

1 11 11111111111

0 14 1 1111111111111

Col.Index 14 13121110 9 8 7 6 5 4 3 2 1
Table2 Anexample distribution of addersfor an 8 x 8 bit CC multiplier

We may also determine the number of cross-stage interconnections from Table 2. Stage 3
produces 4 outputs in column 8 and 9, and the single adder in each of these two columns of
stage 2 can only absorb three of them. Thisresultsin two cross-stage interconnectionsin these
columns. In addition, there is no adder with index 2 on the first stage. The sum output of the
adder in column 2 of stage 2 will be connected to the fast adder, crossing stage 1, and

increasing the number of cross-stage interconnectionsto 3 for this multiplier.

15
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Next, we construct atable with K rowsand N, columns to represent the layout pattern of the

CC part of the multiplier; each block represents a unit area of silicon which can physically

accommodate an adder, and the blocks contain the binary weight of the adders (Fig. 4).

4 10 9 8 8 7 7 6 6 5

3111 |10 9 9 8 8 7 7 6 5 4

2112 |11 |10 9 8 7 6 5 4 3 2

113 (12 |11 |10 9 8 7 6 5 4 3

1 2 3 4 5 6 7 8 9 10 11

Fig. 4. Table layout of the CC part of an 8 x 8 bit CC multiplier

Since each of the stages 1, 2, and 3 contain 11 adders, the assignment of adders for these three
stages, as shown by Fig. 4, is completely determined. Stage 4 contains 9 adders, and the

assignment shown by Fig. 4 for this stage yields the shortest interconnection.

In order to measure the length of interconnections, we refer to each adder position by its table
coordinate; for instance, adder (11,2) has weight 2. We use the cell width as the length unit.
We assume the layout of an adder is a square with inputs into the top and outputs out of the
bottom. The connection of two adjacent adders (e. g. adder (3,3), weighted 9, to adder (3,2),
weighted 10) will be counted as alength O connection. The length of connection between adder
(i,j) and (k,I) is thus given by i —k|+|j —1|=1 cell widths. The longest interconnection is 3

cell widths from the carry of (11,3) to input of (8,2).

Fig. 5 shows the architecture of this multiplier, where each adder is represented by a
rectangular block. The adder weight is indicated by the number on the block, and full and half
adders are indicated by letters F and H, respectively. The tuple ij on each input arrow
represents the partial product ab; . The area efficiency of the CC part for this architecture is
42/44=95.5%, which is the maximum that we can reach. There are 3 cross-stage

16



A New Design Technique for Column Compression Multipliers
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Fig. 5 A new areaefficient design for an 8x8 CC multiplier

We can now compare our design to the architecture of the 8 x 8 bit Dadda multiplier, given in
Fig. 3 of reference [11]4, where there are 5 cross-stage interconnections with a maximum
interconnection distance of 5 cell widths; by our measure the area efficiency is 42/56=75%.
The architecture given in Fig. 5 is therefore more efficient than the Dadda multiplier of
reference [11], both in terms of the area efficiency measure and in maximum length of

interconnection . From many designs that we have tried, the architecture given by Fig. 5 has

the highest area efficiency, based on our cost measures.

4 We have found several errorsin thisfigure.
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5.1.1 Animproved architecture

We can trade area efficiency for maximum interconnection length. Fig. 6 shows an improved
architecture in this regard. The area efficiency of this architecture is 42/48= 87.5%, 7 percent
lower than the architecture given by Fig. 5; however, all cross- stage interconnections have
been eliminated, and all interconnections are either to the nearest or to the next nearest
neighbor. Thus, the maximum length of interconnection reduces form 3 to 1 cell widths. We

feel that these advantages are well worth the 7% reduction in area efficiency.
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Fig. 6 Design of 8x8 bit CC multiplier with minimized interconnection length
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6. Approach I1: A New Design Technique for Short Length
Multipliers

For either Dadda s scheme or the scheme given in the last section, the length of the final fast
adder is 2(n-1), which is always larger than the maximum number of adders for the first stage
of the CC part, 2(n-2). We can shorten the length of the final fast adder to raise the area
efficiency, since each stage can reduce the length of the final adder by one bit, with a total

reduction of, at most, K bits. We will refer to the extreme caseg, i.e., using alength 2n-2-K

adder for the last adder, as Approach II. The maximum number of adders and N, (k) for
approach 2 are listed in Table 4. The number of adders that the CC part contains is
N =(n-1)(n-2)+K inthis case. The allocation procedure is the same as described in the
previous section. In some cases, it may be more advantageous to reduce the length of the final

adder by anumber lessthan K ; examples of these cases will be shown later.

Asshownin Table 4, if K =2, the maximum number of adders for the first two stages of the
CC part of the multiplier for Approach Il isless than that of Approach I. Thus a large number
of adders have to be allocated to the higher stages and so the area efficiency will be reduced.

We have found that Approach |1 is very suitable for multipliers whose lengthis n< 11.

Except for 9x9 bit and 11x11 bit multipliers, we have found that all cross-stage

interconnections can be eliminated by both approaches.

Table3 The Maximum Number of Addersfor Each Stage for Approach 11

Stage N_ (k) N(K) condition
1 2n-2-K 2n-2-K n>4
2 3n-4 5n-6-K n>6
3 2(2n-3-K) 8n-10-4K n>9
4 3(2n-4-K) 14n-22-7K n>13

Table 3 lists the maximum number of adders for each stage using approach 11 for short length
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multipliers.

Fig. 7 shows the design of the 8x8 muiltiplier using Approach I1.
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Fig. 7 8x8 bit CC multiplier designed using Approach I

Aswith the design in Fig. 6; all interconnections are either to the nearest or to the next nearest
neighbor and there are no cross-stage interconnections. The new design raises the area
efficiency from 87.5% to 97.5%. In addition, the length of the final adder has been reduced

from 14 to 10.
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7. Design of Two's Complement Multipliers

The technique developed in the previous sections can also be applied to the design of two’'s
complement multipliers. The two’' s complement multiplication algorithm, developed by Bouch
and Wooley [15], and improved by Blankenship [16], is adopted, and we limit our discussion

to nx n multipliers. The principles can be readily applied to non-square multiplier designs.

The partial product matrix for an 8 x 8 two’s complement multiplier, according to [15] and

[16], is shown in Fig. 8.

aols abs aghy aghs &b, aph aghp
abs abs abs abz ab, ah aky
by ahs ab, aby ab, ab ahy
aghy ads ad, ash; agh, ady ady
abg aybs ab, aby ab, ab aby
ashs aghs ashs asbs agh, ab; ashy
_ s aghs aghy ashy agh, ady agho
abg aby azby asbs ahb, ab aby
b, &b, ab, ab; &b, ab, Fb;
alb, a
ally 5,

Ps P4 P3 P2 Pu1 Po Po B Pz Ps Ps B P33 P2 B o

Fig. 8 Partial product matrix of an 8x8 two’'s complement multiplier

Comparing Fig. 2 to Fig. 9, we find that three more partial products are required by the two’'s
complement multiplier. One of them islocated at column 2n-1, which isidentical to the partial
product at column 2n-2, and is generated by the INCLUSIVE OR [16]. The other two extra
partia products, located at column n—1, are generated by copying the most significant bits of
the multiplicand and the multiplier [15]. Except for these four partial products, all other partial
products are generated by AND gates.

The maximum column size of an n x n two’s complement multiplier is n+ 2, two more than
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the maximum column size of an unsigned multiplier. If we strictly follow series (2), then the

size of the multiplier, n, is related to the required number of stages, K, by:
o(K-1)<n+2< g(K) (18)

For example, the maximum column size of an 8% 8 two’s complement multiplier is 10, and

following (2), the CC part of the multiplier would require five stages.

Since the size of the largest column isthree larger than the size of its two neighboring columns,
we can replace (18) by:

g(K-1) <n+1< g(K) (19)

For example, the column part of an 8 x 8 two’s complement multiplier can be implemented in

four stages, as will be shown later.

Following the same procedure given in section 2, an nx n bit two’s complement multiplier
requires n? —n+1 adders, one more than the conventional unsi gned multiplier, together with
an EXCLUSIVE OR (XOR), which is located at column 2n-1. Since at least one of the two
entries in column 2n-1 is zero, there is no carry to propagate to column 2n, and an XOR
suffices to produce the most significant bit at column 2n-1. Among the n? —n+1 adders, there
aren-1 half adders from column 1 to column n-1. The number of adders required by column j
isgiven by

G()=] 1sjsn-2

(20)

G(2n-j-)=j 1sjsn
We now allocate adders to different stages observing the constraints. The XOR in column
2n—1 can be included in the final fast adder. In the CC part of the two's complement
multiplier only one more adder, at column n-1, needs to be allocated compared to the unsigned
multiplier. One simple way is to start from the architecture of the unsigned multiplier and

include the extra adder in column n-1. For example, starting from Fig. 6 (Approach 1), we
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obtain the 8 x 8 bit two’s complement multiplier architecture shown in Fig. 9. where the

underlined number indicates the complement. For example, 07 standsfor ayb,, 73, stands for
a;b,, etc. Because of the additional XOR, the length of the final adder is one bit longer than
that for the unsigned multiplier. Most features of the unsigned multiplier design of Fig. 6 are

retained with the addition of three intra-stage interconnections that are not to the nearest or next

nearest neighbor.
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Fig. 9 Design of 8x8 hit two’'s complement CC multiplier with approach |

In designing the 8 x 8 two’s complement CC multiplier using Approach 11, the additional adder
in column 7 can considerably reduce the area efficiency if the length of the final adder is only

reduced by 4 (the number of CC stages). In order to achieve a higher area efficiency, we can
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reduce the final adder by an extra bit, as shown by Fig. 10. The area efficiency for the CC
part of this multiplier is 46/48 = 95.8%, while the length of the final adder is only 3 bits
shorter than the final adder of Fig. 9. Again, except for three intra-stage interconnections that
are not to the nearest or next nearest neighbor, all features of the multiplier given by Fig. 7 are

retained.
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Fig. 10 8x8 hit two’'s complement CC multiplier with shorter final adder

8. Conclusions

In conclusion, we have presented two approaches to the design of CC multipliers for both

unsigned and two’'s complement multiplication. Our approaches do not use classical restrictions
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on column height sequence, and provide flexibility for distribution of adders to different
stages. The number of adders used for our first approach is identical to that obtained using
classical design techniques, but our technique allows more flexibility in adder placement and
yields higher area efficiency. The second approach yields, in most cases for short length
multipliers, higher area efficiency by reducing the length of the final adder, while maintaining
the major characteristics of the first approach. In comparison with conventional design
techniques, both of our design approaches increase the regularity and reduce interconnection

lengths of the multiplier layout.
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Glossary of Terms

CC Column compression

e(j) Number of bits to be added in column | (partial products plus
carries)

N The highest adder index for stage k

K Required number of stages for column compression

n Length of the multiplier and multiplicand in bits

N Total number of adders for column compression

N, Average number of adders excluding thefirst k —1 stages

N(k) Number of addersin stage k

N(k) Number of addersg N(i), up to stage k, that alows the use of
N, (K+1) addersin stage k -1

Nmax Upper bound on number of addersin stage k

p(j) Number of partia productsin column |

q(j) Number of adders required in column j for the CC structure

do(J) Number of necessary adders required to compute an €(j)bit
addition in column |

a.(]) Number of addersrequired in column j of stage k

s.(J) Number of slots provided for stage k by previous stages in
column |

o(j) Stage index for the column compression part of the multiplier
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Figure Captions

Fig.1 Typica structure and interconnectionsfor:
(a) Dadda muiltiplier; (b) 4-2 compressor multiplier; and (c) (7,3) counter multiplier

Fig. 2 (a) Partia product matrix of an 8x8 multiplier, (b) An aternative representation
Fig. 3 Expansion of column size by carries and distribution of full and half adders
Fig. 4. Table layout of the CC part of an 8 x 8 bit CC multiplier

Fig. 5 A new areaefficient design for an 8x8 CC multiplier

Fig. 6 Design of 8x8 bit CC multiplier with minimized interconnection length

Fig. 7 8x8 bit CC multiplier designed using Approach 11

Fig. 8 Partial product matrix of an 8x8 two’'s complement multiplier

Fig. 9 Design of 8x8 bit two’s complement CC multiplier with approach |

Fig. 10 8x8 hit two’'s complement CC multiplier with shorter final adder

Table Captions
Tablel TheMaximum Number of Addersfor Each Stage
Table 2 An example distribution of addersfor an 8 x 8 bit CC multiplier

Table3 TheMaximum Number of Addersfor Each Stage for Approach 11
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